Empirical studies indicate that the solar wind speed at Earth is inversely correlated with the divergence rate of the coronal magnetic field. We show that this result is consistent with simple wind acceleration models involving Alfvén waves, provided that the wave energy flux at the coronal base is taken to be roughly constant within open field regions.
INTRODUCTION
In a recent study using spacecraft and magnetograph observations during 1967 -1988 (Wang & Sheeley 1990 , we found an empirical relationship between solar wind speed at Earth and the divergence rate of the magnetic field near the Sun: the higher the wind speed, the more slowly the associated coronal flux tube expands. A similar result was obtained earlier by Levine, Altschuler, & Harvey (1977) from an analysis of a small number of Skylab coronal holes.
In this Letter, we show that the observed inverse correlation between wind speed and areal expansion rate is consistent with theoretical models in which Alfvén waves boost the wind to high speeds, provided that the wave energy flux at the coronal base is roughly constant, independent of the expansion rate.
MODEL CALCULATIONS
We adopt a steady state, one-fluid model in which the flow, driven by thermal and Alfvén-wave pressure gradients, is confined to an infinitesimal, radially oriented magnetic flux tube; the field strength B, mass density p, flow velocity u, and timeaveraged Alfvén-wave velocity amplitude <<5t; 2 > 1/2 are then functions of the radial coordinate r alone. The subscripts " 0," "c," and "E" will henceforth be used to denote quantities evaluated at the coronal base r = r 0 = R Q , at the critical point r = r c , and at Earth r = r E = 215R 0 . Our basic equations are similar to those used by Leer, Holzer, & Flâ (1982) . When combined with the conservation of magnetic flux, the mass and energy equations may be expressed as pu/B = p 0 u 0 /B 0 ;
(1) 
Here v T = (2kT/m p ) i/2 is the isothermal sound speed, G the gravitational constant, M the Sun's mass, v A = B/(4itp) ^ , and M a = u/v A . The coefficient a, which determines the magnitude of the collisionless heat flux, will be set equal to 4 (following Leer et al. 1982) . The expressions for the Alfvén-wave energy flux F a apply in the short-wavelength, dissipation-free approximation; in the second equality of equation (4), the conservation of wave action has been used to relate <<5r 2 > to <(<5eo> (see Jacques 1977) , and M A0 < 1 has been assumed. At the critical point r = r c , the following conditions can be derived using the equation of momentum conservation: 
where ß = -{r/2B)dB/dr. Equation (7) was obtained by integrating the momentum equation from r = r 0 to r = r,., with the assumptions that the temperature T is constant in this region and that u\ 4, 1. In order to obtain u E , the wind speed at Earth, we make use of the fact that most of the solar wind energy flux at 1 AU is in the form of the bulk flow. Then, by conservation of mass and energy (eqs. 
(see Leer et al. 1982) . Equation (8) is an empirical constraint which assumes that the Alfvén waves are damped and their energy transferred to the flow somewhere between r c and 1 AU (see, for example, Hollweg 1978) . The quantities F, hc , F Ac , and p c u c can be determined by solving equations (5H7) iteratively for r c , u c , and p c and substituting the results into equations (3) and (4). Our objective is to determine how u E varies as a function of the rate at which the flux tube expands near the Sun. For this purpose, we introduce the areal expansion factor f(r) = (r 0 /r) 2 B 0 /B(r), which measures the ratio of the solid angles subtended by the flux tube at r and r 0 , respectively. Assigning a fixed strength B E = 3 x 10" 5 G to the radial field at Earth (see, for example, Wang & Sheeley 1988), we consider two " complementary " magnetic models :
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WANG & SHEELEY Vol. 372 Configuration I.-The critical point is taken to lie outside the region of rapid expansion near the Sun, and ß c is set equal to 1 (so that J5 oc r" 2 at r = r c ). The ratio B c /B 0 is controlled by the value of/ c , which will be varied as the independent parameter of the model. The field strength at the coronal base, B 0 = ( r E/ r o) 2 fE B Ei is specified by assuming / E = 3/ c 1/2 : thus B 0 = 4.2/ c 1/2 G. (As discussed below, the choice of/ E affects the qualitative behavior o(p E u E but not that of w E .)
Configuration II.-Here the critical point lies within the region of rapid expansion. The magnetic field is taken to be of the form B(r) = y 2 (r 0 / r y G for r < r s = 2.5 R Q . The parameter y, or equivalently the expansion factor at r s J s = 2.5 y_2 , will be restricted to the range for which r c < r s holds, so that ß c = y/2.
We remark that the "expansion factor" used in the empirical studies of Wang & Sheeley (1990) and Levine et al. (1977) corresponds roughly to the parameter f c in configuration I and to the parameter f s in configuration II.
The coronal temperature will be assigned a value T = 1.1 x 10 6 K; the proton density n 0 = p 0 /m p at the coronal base will be taken as 1.8 x 10 8 cm -3 , so that n 0 T = 2 x 10 14 K cm -3 , in agreement with observational constraints (see Withbroe 1988 ). In addition, it is necessary to specify either the wave velocity amplitude <<5t^> 1/2 or the wave energy flux F A0 at the coronal base. In earlier studies such as that of Leer et al. (1982) , (övly 1/2 was assigned a fixed value while F A0 was implicitly allowed to vary in response to changes in the expansion factor (which affect F A? through its dependence on B 0 ). Our treatment differs in the important respect that F A0 , rather than <(5^> 1/2 , will be held fixed. Figure 1 shows the effect of varying/ c (the expansion factor at the critical point) for configuration I, with F A0 held constant at a value of 1.5 x 10 5 ergs cm -2 s _1 . As/ C decreases from 40 to 2, u E increases monotonically from 418 km s _1 to 776 km s \ with the steepest gradients occurring for f c < 10. The m e(/c) curve agrees qualitatively with the empirical relation found by Wang & Sheeley (1990) , which is indicated by the triangles in Figure la . Figure lb shows that the rapid increase in u E for smallX is due to the sharp rise in F Ac , the wave energy flux at the critical point. This behavior follows directly from our assumption that F A0 is a constant independent off c : from equation (4) (with M Ac <1\ F Ac ~ F A0 (B C /B 0 ) ocf-1 . It should be noted that as f c decreases, B 0 also decreases whereas <K> 1/2 increases in order that F A0 ~ (Po/4n) i/2 (ôv%}B 0 remain constant (see Fig. la ). In the opposite limit of/ c -► oo, both <<5i;o> and F Ac vanish, u c -► v T , r c -* GM/2v\ = 5.2 F 0 , and u E -* (2F thc /p c u c ) 1/2 -2 3/2 v T = 381 km s" ^ It is instructive to consider what would have happened if <^o> 1/2 had been kept fixed instead of F A0 . Then, from equation (4), F Ac ^ (p 0 /4n) 1/2 <ôv 2 0 }B c oc B c oc/7% ocf-%: the wave contribution to u E now depends directly on/ E (or B 0 ) as well as on/ c . For our choice/ E = 3/ c 1/2 , F Ac oc/ c~1 /2 (rather than/ c 1 as above); in this case m e would again decrease with increasing/ c , but the rate of decrease would be slower than observed. It is interesting to note that if (ôvl} 112 is fixed and f E were set equal to/ c , both F Ac and u E would become independent of f c and / E ; this was essentially the result obtained by Leer et al. (1982) . roughly independent of/ c , F Ac now remains relatively constant whereas n c and n c u c increase almost linearly with/ s (compare Figs, lb and 2b) . It can also be seen that h e continues to decline steadily for large/ s , rather than leveling off to a constant value (compare Figs, la and 2a) . We note that ß c is an increasing function of the expansion factor in configuration II; thus as/ s increases, r c cc ß c 1 moves inward, n c and n c u c increase, and u e ~ (IFac/PUc) 1 ' 2 decreases. At the same time, GM/r c increases and F thc eventually becomes negative, as shown in Figure 2b . On the other hand, configuration I assumes ß c = 1, so that r c , n c , n c u c9 and F thc all remain roughly constant.
We can understand the behavior of u E in more general terms by noting that u 0 , and hence the mass flux p 0 u 0 at the coronal FAST SOLAR WIND L47 No. 1, 1991 Fig. 2 -Wind properties as a function of the flux-tube expansion rate for configuration II, which assumes a magnetic field of the form B(r) = y 2 {r 0 lr) y G for r<r s = 2.5 R Q ,ß c = yß, and ß E = 3 x 10" 5 G. Here the expansion factor at 2.5 RqJ s = 2.5 y " 2 , is varied while F A0 is held fixed at a value of 4 x 10 5 ergs cm" 2 s" 1 ; again, T = 1.1 x 10 6 Kandn o = 1.8 x 10 8 cm" 3 . In (a), u E (in units of 100 km s" 1 ), n E u E (in units of 10 base, increases with the expansion factor for both configurations I and II (see Figs, la and 2a) . Thus, since F A0 is assumed constant, the wave energy per particle (evaluated at the coronal base) decreases as the expansion factor increases. The behavior of u 0 is determined by equations (1) and (5)- (7)'-provided <(^1^0) 1/2 n°t l 00 ^a r g e > u cv t an(^ u ofc {r c lr 0 ) 2 v T exp { -GM/yqVt + (2ß c -1/2)}, which is an increasing function of both f c and ß c .
Figures la and 2a show that the proton flux at Earth, n E u E , increases with the coronal expansion factor in both models. The resulting inverse correlation between n E u E and u E is in qualitative agreement with spacecraft measurements, which show that h e m e ~ 2 x 10 8 cm -2 s _1 in high-speed streams but n E w E ~ 4 x 10 8 cm -2 s -1 for slow wind (Schwenn 1983) . We note that the variation of n E u E = n c w c (r c /r E ) 2 / c / E unlike that of w E , is sensitive to f E as well as to/ c . In order to match the observed behavior of n E u E , it was necessary to assume a nonlinear relationship between/ E and/ c (orf s ), such that/ E >f c for small f c but f E <f c for large/,. (Setting/ E equal to/ c or to/ s caused n E u E to increase with m e .) Such a relationship is suggested by MHD models that include the effect of transverse pressure balance; in these models, the latitudinal distribution of the magnetic field becomes increasingly uniform far from the Sun, as the plasma beta rises to order unity and neighboring flux tubes begin to exert significant dynamical forces on each other (Wang & Sheeley 1988 , and references therein; see also Withbroe 1989 ). Using a current sheet to represent these effects, Wang & Sheeley (1990) found that the flux tubes that underwent the least expansion near the Sun later fanned out rapidly, whereas those that were characterized by the largest coronal expansion factors subsequently "reconverged." Such current-sheet models are also consistent with the observed long-term variation of B E (see Wang & Sheeley 1988) .
CONCLUSIONS
We have shown that the observed tendency for fast solar wind to be associated with slowly expanding coronal flux tubes is consistent with simple models involving Alfvén wave acceleration, provided that the wave energy flux at the coronal base, F ao , is roughly constant within open field regions. By " roughly constant" we mean that F A0 should vary slowly compared with the expansion factor itself. This represents a very mild constraint since the expansion factor shows extremely large variations within open field regions, where it may range from less than 1 to 00 (see Wang & Sheeley 1990) . A constant F A0 has also been postulated by Withbroe (1988) as a possibility consistent with present observational constraints. Earlier theoretical studies such as that of Leer et al. (1982) implicitly assumed that F A0 increases in direct proportion to the expansion factor; thus it was found that increasing the expansion factor did not produce any significant decrease in the wind speed.
Although we have considered only Alfvén wave acceleration, we expect our basic result to hold for other sources of wave or mechanical energy input as well, provided: (1) energy is conserved along a flux tube; (2) the energy flux at the coronal base is roughly independent of the expansion factor; and (3) the mass flux at the coronal base is an increasing function of the expansion factor, as expected if the thermal pressure gradient determines the density structure below the critical point. If these conditions are met, the energy per particle, and thus w E , must decline as the expansion factor increases.
Finally, we note that if Alfvén waves are indeed responsible for accelerating the solar wind to high speeds, the requirement that F ao be roughly constant suggests that the mean-square wave velocity {ôvl} and the field strength B 0 at the coronal base may be inversely correlated (see eq.
[4], where we neglect the variation of Fc/ 2 )-This prediction could be tested by comparing measurements of spectral line widths and magnetic field strengths in coronal holes. This work was supported by the Solar Physics Branch of the NASA Space Physics Division (DPR W-14429) and by the Office of Naval Research.
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